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 !"#$! %&!'(  

  !" #$%&'1  

I. %$!( %)*+' " ,*-./0! %12)*3  

1. %14*5  

 ()*&f  +,-. /01 2,3*45& #06,! #&'7I   

 (8)*f  /01 #*6,9I  :;,) '<= >3? 8 '<=f ‘   /01 #.7@;.I   

 (8)*f  /01 #A7A'B*I  :;,) '<= >3? 8 '<=f ‘   /01 #6-8.I   

 (8)*f  /01 #A$!,;*I  :;,) '<= >3? 8 '<=f ‘   /01 #6&,CI   

2.  %14*52  

 :;,) '<=f ‘   /01 ,@>! #6-8.I )>3;&' (. D*;. 771 E?  7@;* (F ().A ( (G?f  /01 ,@>! #A7A'B*I  

 :;,) '<=f ‘   /01 ,@>! #6&,CI ). D*;. 771 E?  7@;* (F ().A>3;&' ( ( (G?f  /01 ,@>! #A$!,;*I  

3.   *67  

 #&'7&' "6*@;f  /01 #?"@.&'IR  E0A ,.6 : !"# $ %"& ' (%") * %+ 

f  /01 2,3*45& #06,! #A787% #&'7IR  ,;A7& 8 : ,!"# $ &") ' -". $ (".!(" ' )# 

 +)& ,;A7&x  (./)( 0 *12   :f’(x) > 0   8 , 3)(4 $ 5%  (<=f  +,-.&' /01 ,@>! #A7A'B*2)( 0 *12 

 +)& ,;A7& 8x  (.6'17 58 9 /50 )(2   :f’(x)<0   8 , 3)(4 $  ,!5# $ 5   

  (<=f  +,-.&' /01 ,@>! #A$!,;*/'10 )(2 

II.  %$!( 8'*97  

1. :;<=+  

  ()*&f  8 #A771 #&'7Df  8 ,HIA"@* BA%a  (. '"$;1Df   

 (= +83;f(a)  #&'70& ,A;7 #.A!f  7;1a  J8*I. +,-. 7-8 '<=I  KB)".a  LA%6!:" ; <#= >!?# @ >!A# 

 (,) '<=!:" ;#= >!?# @ >!A#   (= +83; ,;;G?f(a)   + #30>. ,A;7 #.A!f  7;1a  

 (= +83;f(a)  #&'70& M8$! #.A!f  7;1a  J8*I. +,-. 7-8 '<=I  KB)".a  LA%6!:" ; <#= >!?# B >!A# 

 (,) '<=!:" ; C #= >!?# B >!A#   (= +83; ,;;G?f(a)   + #30>. M8$! #.A!f  7;1a  

 #&'7&'f  +,-. /01 ,?'">. +63*I  (F E;@Af  /01 M8$! #.A! 8F ,A;7 #.A! +63*I   

2.  >*14*?$!  

 ()*&f J8*I. +,-. /01  2,3*45& #06,! #&'7 I  8a  (. '"$;1I   

 :;,) '<=f  E? ,?'">. +63*a  (G?f’(a) = 0    
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 :;,) '<=f’  E?  7@;*a  "AN* 8 (G? ,H*",4=f  E? ,?'">. +63*a   

3.   *671:   

a  x 

+                    0                    !  f’(x)  

f(a)  f(x)  

 

f(a)  M8$! #.A!  

4.   *672  

a  x 

!                    0                    +  f’(x)  

 

 

 

f(a)  

f(x)  

 

f(a)  ,A;7 #.A!  

5. %@AB7  

f’(a)=0  (F E;@A Of  7;1 ,?'">. +63*a 26,4&' +,9.&' "P;F  

 #&'7&' "P;F 8Fx " x3   
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  !" #$%&'2 

6. C;<D+   

 ()*&(C)  ,H1,@4 Q"R'74 cm   

 Q"R'7&,6 >,%. +A>*C.& #A8$3&' #%,C.&' ES ,.(C) T  

7. EF$!  

 ()A&x  8y   Q"R'7&,6 >,%. +A>*C. U7@6(C)  (<=x²+y² = 8²  UFy² =  64 – x²   

 D;. 8D $ %%E-& ' ".   LA%"% ; 657 F8    

 ES +A>*C.&' #%,C. D;. 8 :G!"# $ "E-& ' ".% 

 #&'7&'S  +,-.&' /01 2,3*45& #06,! 8 #0$*.650 F8    

  ,;A7& 8G,!"# $ E-& ' ". *% H"
E-&H".

$% -&H(".E-&H".
 

 D;.8G,!"# $ % (I&J(H%"KI&J(L"KE-&H".
 

 #&'7&' :'"AN* +87- (G? E&,*&,6 8S  E&,*&,) 8S : 

  

  

  

  ES #A8$3&' #%,C.&' (G? E&,*&,6 8GI&J(K $ )(  

8.  C;<D+geogebra 

  !"#$% &'()*+# ,-geogebra 

  

x 0
 !" 8 

S’(x)

S(x)

+ !0

32 
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 ./(  0-+#3 

III.  !"!# $%&'  

1. ()$%'1:  

 &1*+f  ,23) 456 728*9:+  5%2/  ';;6  +#;I  $(Cf)  .5<) => 2?2@-@)#$%& %'(%& %)(* 

 4@-@)+# &A ,$8@(Cf)  B;-) )  %3$)+# B'*#(C# $-@ D3$) (<8* D+ ( 4@-@)+# &21 #EA(Cf) D*2"2)) F')3 7$> ;3$' 

 

 4@-@)+# &A ,$8@(Cf)  (<8) )  %+2"+# B'*#(C# $-@ D3$) (<8* D+ ( 4@-@)+# &21 #EA(Cf) D*2"2)) F')3 G-* ;3$' 

 

2.  ()$%'2: *+,%-./ 0&-  

  !8@+# &A ,$8@A (a ; f(a) )   4@-@)5+ H2!<@#  !8@( Cf)  (<8* ('I* #EA(Cf)   !8@+# ;@6A  

+(

,( 

(Cf) (#)*  

(Cf) '+,*  

+(

,( 
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3.  1+2#  

  +#;+# (%*<@f  456  >(<)+#-$& %./   =5' 2)%f(x) = cos x   

  +#;+#f  ,23)+# 456 &'*() 728*9:+  5%2/-$& %./   $f’’(x) = ! cosx  

 &J> D@) $ :  

 

,19+#:  

x

f’’(x) 

 '+,-(Cf) 

0 
0
" 0

_ 0 + 

(Cf) (#)*  

(Cf) '+,*  

+(

,( 

A 

a 

f(a) 

(Cf) 
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IV.  34+5' 67$#– 34+5' 89"#  

1. ()$%'  

 &1*+f  2KL'(<* M'- 456  >(<)  +#;(Df)  $(Cf)   .5<) => 2?2@-@)#$%& %'(%& %)(*  

  +;2<)+# $E .'8*")+# &$1'x=a  4@-@)5+ ,N2)* ($-)(Cf)   &21 #EA !8> $ #EA:    

1#23 4 56*%& #78 9 :* 4 ;<
<#78 9 :* = <#:* %%%   

  !8@+# &$1*"(a,b)   4@-@)+# ,N2)* M1()(Cf) &21 #EA !8> $ #EA  :    1#23 4 56*%& #78 9 :* 4 ;<
<#78 9 :* = 7> 9 <#:*             

2.  :;+< :=+>  

 G@21 #EAf OP  '3$M  +#; :   
#23 4 56*%& #9:* 4 ;<

<#9:* = <#:*     B'*#(C# ($-) &J> :x=0 ,N2)* ($-)  4@-@)5+(Cf) 

 G@21 #EAf OP   ';(>  +#; :   
#23 4 56*%& #9:* 4 ;<

<#9:* = 9%<#:*      !8@+# &J>O(0 ;0)   4@-@)5+ ,N2)* M1()(Cf)  
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 ./(  0-+#4  

3.  ?)$5' : !"!# 34+5' 67$# @ $%&'  

  ';;<+#  +#;+# (%*<@f  456  >(<)+#56 = ?@ 9 A9B& 7C%  B :6#3* = BD73
3ED3D7%  $(Cf)   .5<) => 2?2@-@)

#$%& %'(%& %)(*  

1.  B"-Pf’(x)  ,1+x  &)Df   

2.  ,1+ &P &'%x  &)Df  2@';+ :6F#3* = % 7#BD73*#3ED3GH*#3ED3D7*I 

3.  4@-@)+# (<8* Q(;P(Cf)  &P 78-* $(Cf)  H2!<@#  !8@ ,%8'I   2K'*'N#;-A ;';-* .*'  

4.  &'%  !8@+# &PI  4@-@)5+ ,N2)* M1()(Cf)   

4. 3"=/  

1.   8*9)+#  +#;+# ;';-* :  

f  2KL'(<*  6$)3) 456 728*9:+  5%2/  '(E3  +#;Df  2@';+ $ :  

6J#3* = %D7#3ED3D7*D#BD73*#73DB*#3ED3D7*E =% 73ED73GK#3ED3D7*E  

2.  B2"-f’’(x)   

f’  2KL'(<*  6$)3) 456 728*9:+  5%2/  '(E3  +#;D = Df   2@';+ $ :  

6JJ#3* = #L3D7*#3ED3D7*ED7#3ED3D7*#73DB*#73ED73GK*
#3ED3D7*L = 7#BD73*#3ED3GH*

#3ED3D7*I   

3.  (<8*+#  "#(;  

 ,1+ 2@';+x  &)Df  :x²!x+7 > 0  B+2" M'))+# &C  

 R(29A &EAf’’(x)  R(29A =? :
BD7:
:ED:D7   =+2*+# ,$;3+# D@) $ : 

 

  !8@+#? MB7 & $N   4@-@)+# H2!<@#  !8@(Cf)   

4. ,N2)*+# M1()  
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 &1'+x  &)Df  &EA3 O 7%"%%3 O 9B% P B 9 3% O 7%"%B 9 3% O 9B   

  D@)$7 Q B
7 9 3 = B 9 3% 4 56  

$    6 M7 Q B
79 3N = 6#B 9 3* = % DBG733ED3D7 = 7 Q $ 9 6#3* 

  !8@+# &J> =+2*+2% $? MB7 & $N    4@-@)+# ,N2)* M1()(Cf)   

 S)2@(%  !"#$% =@2'%)+# ,'N)*+#geogebra    
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 ./(  0-+#5  

V. :AB+C-D=/ E@$F=/  

1. $A7G' ::=/H  !"!#  

#R6* = STM3UN 4 #V*%& U = 6#3*W  

2. ()$%'  

 &1'+(Cf) .5<) =>  +#; 4@-@)  

 &A ,$8@(Cf)  &)  !8@ =*'N#;-A T;-A G+U #EA 2'V2K@W 26(> ,%8'(Cf)  4+AX. 

3.  :I8+&5=/ J+5A&KL5=/  

a.MNO8 P8+&#  

 &21 #EAlim ( ) lim ( )
x a x a

f x  ! f x
 !  "

# $% # $%   !"#$%!& &' ()*+,%!& -./x=a  0121%3! 4,56 76#*%  

(Cf)   

  

b. !"# $%&!'  

 -#8 &'9 :lim ( )
x

f x b
 $%

#   !"#$%!& &' ()*+,%!& -./y = b  0121%3! 4*/5 76#*%  (Cf)   

  

c. ()*'#  

:;#,!& -)6%+!& 6<15  
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 (=6  >2!&6  

4.  +,&' $%&!'  

a.-./01  

 -8)!a  ?b  @)2; -))*)*2 -)""Aa ! 0   

 -#8 &'9& '& 'lim ( ) 0
x

f x ax b
 $%

" ! #   !"#$%!& &' ()*+,%!& -./y=ax+b   0121%3! BC#% 76#*%(Cf) 

 6&?D; !( 

 

 ?5  

  

b.(23&4  

 -8)!a  ?b  @)2; -))*)*2 -)""Aa ! 0   

  !"#$%!& ?' ()*+,%!& -?8)y = a x + b   0121%3! BC#% 76#*%(Cf)  6&?D; !(  -#8 &'9 E*/? &'9 :

( )
lim
x

f x
a

x %
#  ?& 'lim ( )

x
f x ax b

 %
" #  

5. (256)789 :;/<89  

 -5 #1F G6+H1lim ( )
x

f x
 $%

# $%     

a. -./011  

 -#8 &'9
( )

lim 0
x

f x

x $%
#  0121%!& -./(Cf)   6&?D; B)>#/I& 6?2% J#D+& 4/ #)%D3K #A6/ B;*) !(  

b. -./012  

 -#8 &'9
( )

lim
x

f x

x $%
# $%    -./(Cf) 7)+&6I& 6?2% J#D+& 4/ #)%D3K #A6/ B;*)  
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c. -./013  

 -#8 &'9
( )

lim *
x

f x
a IR

x $%
# (    ?& 'lim ( )

x
f x ax

 $%
" # $% -./(Cf)  J#D+& 4/ #)%D3K #A6/ B;*)

  !"#$%!& L' 6?2%!&y= a x   6&?D; !(  

6.  !2=>1 ?./51  

 MN1f 7  /6$%!&  !&"!& :"#$% & $ ' ($) ' * 

1.  7,25lim ( )
x

f x
 "%

 #),"1F  D)+1!& B?5 (O  

2.  7,25lim ( )
x

f x
 !%

   !&"!& 0121%! 4C#P1Q!& R6H!& S6"5 (Of  6&?D;+"   

7. +@89  

1. #1)"! 

  & ' & '
1 1

lim ( ) lim ² 1 lim 0
² 1x x x

f x x x
x x "%  "%  "%

" "
# ! ! # # #

"%" !
   

  !"#$%!& ?' ()*+,%!& -'9y = 0  ) B)>#/I& 6?2% ( B 4*/5 76#*%(Cf)  6&?D;#"   

 6&?D; 4C#P1Q!& R6H!&+"   

2.  #1)"! 

lim ( )
x

f x
 !%

# !%
   

 7,21!
( )

lim
x

f x

x !%
   

 #1)"! :
& '² 1( ) 1

lim lim lim 1 1 2
²x x x

x xf x

x x x !%  !%  !%

! ! ) *
# # ! ! #+ ,+ ,

- .
  

 ?& ' & ' 1
lim ( ) 2 lim ² 1 lim 0

² 1x x x
f x x x x

x x !%  !%  !%
" # " ! ! # #

! !
   

 0121%!& T1% ?(f)  T+!"#$% QC#% #;6#*% B;*)y=2x   6&?D;+ "   

3.  A&BCD'  

 (#16; B#%$+,#; T)3A B>2%!& 4!#+!& B8K!& 03A -)+D)+1!&  <2Q% -8%)geogebra  
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